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1. INTRODUCTION 
An old result of Seitz [5] asserts that if a finite group G has at most one 
nonlinear irreducible character, then G is abelian, G is an extraspecial 
2-group, or G is a doubly transitive Frobenius group constructed by letting 
a cyclic group act transitively on an elementary abelian p-group. Surpris- 
ingly, the hypothesis of this theorem can be dramatically weakened without 
having much effect on the conclusion. If we merely assume for each 
integer n that G has at most one nonlinear irreducible character of degree 
n, then there is only one group not in Seitz's list that can occur. The 
precise result, proved in [1], is the following. 
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THEOREM A (Berkovich-Chillag-Herzog). A finite group G has the 
property that its nonlinear irreducible characters have distinct degrees if and 
only if one of the following occurs 
(i) G is abelian. 
(ii) G is an extraspecial 2-group. 
(iii) G is a 2-transitive Frobenius group having a cyclic complement. 
(iv) G is the 2-transitive Frobenius group of order 72 having a quater- 
nion complement. 
Because there are so few possibilities in Theorem A, we see that, in 
some sense, the condition that the nonlinear irreducible characters of G 
have distinct degrees is "too strong." A much richer class of groups arises 
if we weaken the hypothesis somewhat and assume only that the nonlinear 
"monolithic" characters of G have distinct degrees. We review the rele- 
vant definitions and their motivation. 
If we work by induction on IG[ to try to prove some character theoretic 
assertion, we are often reduced to studying a factor group G/N that has a 
unique minimal normal subgroup. Such a group, having exactly one mini- 
mal normal subgroup, is said to be a monolith. In particular, every simple 
group is a monolith, and a nontrivial p-group is a monolith if and only if 
its center is cyclic. 
In general, if N is a proper normal subgroup of G, then G/N is a 
monolith precisely when N is not an intersection of properly larger normal 
subgroups of G. It follows from this that if N <3 G and G/N is a 
monolith, then N = ker(X) for some character X ~ Irr(G). An irreducible 
character X of G with the property that G/ker(X)  is a monolith is said to 
be a monolithic haracter. In fact, the monolithic haracters of a group G 
are abundant, and they determine the normal structure of G. (Every 
proper normal subgroup of G is an intersection of kernels of monolithic 
characters. To see this, suppose that N is maximal among counterexample 
normal subgroups of G. Then N is not an intersection of larger normal 
subgroups; we have observed that this implies that G/N is a monolith, and 
thus N = ker(X) for some monolithic haracter X ~ Irr(G).) We note that 
if N ,~ G is contained in ker(X), where X ~ Irr(G), then X is monolithic 
as a character of G/N if and only if it is monolithic as a character of G. 
We shall say that a finite group G is a DMD-group and that it has 
distinct monolithic degrees if the nonlinear monolithic haracters of G have 
distinct degrees. In particular, we observe that every homomorphic mage 
of a DMD-group is again a DMD-group. Of course, all the groups 
mentioned in Theorem A are DMD-groups, but there are also many 
DMD-groups that do not satisfy the requirements of that theorem. For 
example, the direct product of any DMD-group with an abelian group of 
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coprime order is easily seen to be a DMD-group, and it is not hard to show 
that the direct product of the alternating roup A 4 with the dihedral group 
D 8 is also a DMD-group. Other, more interesting examples are presented 
in the final section of this paper. 
We have not been able to find a complete classification of DMD-groups 
analogous to Theorem A, but the following result appears to be a possible 
step in that direction. 
THEOREM B. Let G be a DMD-group. Then G is solvable, and in fact the 
second erived subgroup G" is nilpotent. 
Not surprisingly, our proof of the solvability of DMD-groups relies on 
the classification of finite simple groups. In fact, the classification was used 
in [1] to establish the solvability of groups satisfying the stronger assump- 
tions of Theorem A. (The simple group classification is not necessary, 
however, in the proof of Seitz's theorem describing roups with just one 
nonlinear irreducible character; the solvability of such groups is easy to 
prove directly.) Using the classification and other known results, it is easy 
to prove that DMD-groups are solvable, and so the real content of 
Theorem B is in the second assertion: G" is nilpotent. (Note that an 
equivalent statement is that G" c_ ~(G), the Frattini subgroup.) In fact, 
we have found no example of a DMD-group G where G" is not actually 
abelian, but we have been unable to establish any upper bound on the 
derived length DMD-groups. Theorem B shows, of course, that the Fitting 
height of such a group is at most 3, and we shall see that this is the best 
possible bound. 
There is another sense in which Theorem B is "best possible." If G is a 
DMD-group, then, although G" must be nilpotent, it is not true that G' is 
necessarily nilpotent. (The Frobenius group of order 72 with a quaternion 
complement provides an example, and, as we shall see, there are also 
examples where G' is a nonnilpotent Hall subgroup of G.) If G' is a 
nilpotent Hall subgroup of G, however, then it must actually be abelian, 
and even more is true. 
THEO~M C. Let G be a DMD-group, and assume that P is a normal 
Sylow subgroup of G. If P c_ G', then P is elementary abelian, and in fact it is 
a direct product of minimal normal subgroups of G having distinct orders. 
We have been unable to settle the question of whether or not it is really 
necessary to assume that the p-group P is a full Sylow subgroup in 
Theorem C. In particular, we have found no example of a DMD-group G 
and a prime p such that Op(G') is nonabelian. The condition in Theorem 
C that P _ G' really is necessary, however. For each prime p, we shall see 
that there exists a DMD-group having a nonabelian ormal Sylow p-sub- 
group. (For p = 2, we can simply take G to be an extraspecial 2-group, 
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and we will construct examples for odd primes in the last section of this 
paper.) 
If G is a DMD-group for which IG : G'I is odd, we prove that G' is a 
Sylow 2-subgroup of G, and thus the hypotheses of Theorem C automati- 
cally hold in this case. 
THEOREM D. Let G be a DMD-group for which IG:G'I is odd. Then G' 
is an elementary abelian 2-group. 
A key tool in proving these theorems about DMD-groups is the follow- 
ing general result, which we will also use to give a new proof of Theorem 
A. (As usual, we write Irr(GI0) to denote the set of irreducible con- 
stituents of the induced character 0c, where 0 ~ Irr(N) and N _c G.) 
THEOREM E. Let N ,~ G, where N is a p-group and G /N  is solvable. Let 
0 ~ Irr(N) be invariant in G, and assume that the members of Irr(GI0) 
have distinct degrees. Then 
(a) Ilrr(GI0)l = 1 and 
(b) G is a p-group. 
The hypothesis that N is a p-group is clearly required to prove the 
conclusion (b) of Theorem E, although, as we shall see, a slightly weaker 
condition suffices to deduce that G/N is a p-group. It is not clear to us, 
however, whether this (or any) assumption on N is really needed in order 
to prove (a). 
2. SOLVABILITY 
In this short section, we prove that all DMD-groups are solvable. To 
accomplish this, it suffices to do little more than quote some known results 
whose proofs rely on the classification of simple groups. The fact that 
DMD-groups are solvable will be used heavily throughout the rest of this 
paper without explicit mention. 
2.1. THEOREM. Let G be a DMD-group. Then G is solvable. 
Proof Working by induction on [G[, we let N be a minimal normal 
subgroup of G, and we observe that G/N is a DMD-group. Then G/N is 
solvable by the inductive hypothesis, and it follows that N contains the 
final term of the derived series of G. Assuming that G is not solvable, we 
deduce that N is the final term of the derived series of G, and thus N is 
perfect and it is the unique minimal normal subgroup of G. It follows that 
if X ~ Irr(G) and N ~ ker(X), then X is monolithic and nonlinear. 
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If N = G, we see that G is a simple group all of whose irreducible 
characters have distinct degrees. As was argued in [1], however, it is a 
consequence of the classification that there is no such simple group. We 
conclude that N < G; since G/N is solvable, we can find a normal 
subgroup M of G having prime index p, and we fix a linear character 
A ~ Irr(G) with ker(A) = M. Also, observe that, since G is nonabelian, we 
have M > 1, and thus N c_ M. 
Following [3], we write Irr(GIN) to denote the set of irreducible charac- 
ters of G with kernel not containing N. Since Irr(G[N) consists of 
nonlinear monolithic haracters, we know by hypothesis that the degrees 
of the members of Irr(GlN) are distinct. Let X ~ Irr(GlN) be arbitrary, 
and also observe that XA ~ Irr(GlN) and that X and XA have equal 
degrees. It follows that X = XA, and thus X(x)  = 0 for all x ~ G - M. We 
deduce that XM is reducible, and thus the prime p = I G : M I must divide 
X(1). In other words, all members of Irr(GIN) have degree divisible by p. 
But Theorem D of [3] (which depends on the classification) asserts that, in 
this situation, N must be solvable, and this is the desired contradiction. | 
3. DISTINCT ORBIT SIZES 
In order to establish Theorem E in the next section, we need some 
preliminary results concerning the sizes of the orbits of a p-group acting 
on a vector space. We begin by recalling some well-known facts from the 
theory of p-groups and from elementary number theory. 
3.1. LEMMA. Let P be a p-group in which every abelian normal subgroup 
is cyclic. Then either P is cyclic, or else p = 2 and P is dihedral, semidihedral, 
or generalized quaternion. 
3.2. LEMMA. Suppose that q~ = pb + 1, where p and q are prime num- 
bers and a and b are positive integers. Then one of  the following holds: 
(i) p = 2, a = 1, and q = 2 b + 1 is a Fermat prime, so that b is a 
power o f  2. 
(ii) q = 2, b = 1, and p = 2 a - 1 is a Mersenne prime, so that a is 
prime. 
(iii) qa=9andp b =8.  
We can now present he first of our orbit-size results. 
3.3. THEOREM. Let P be a p-group that acts on a nontrivial vector space 
V in characteristic q, and assume that the orbits o f  P on the vectors o f  V have 
distinct sizes. I f  p > 2, then IVI = p + 1 and P is transitive on the p nonzero 
vectors o f  V. Also, q = 2 and p is a Mersenne prime. 
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Proof The hypothesis clearly implies that V is a finite vector space, 
and so we can work by induction on IV[. Also, it is no loss to assume that 
the action of P on V is faithful. By the hypothesis, P can have no 
nontrivial fixed points on V, and it follows that P is nontrivial and that 
q ~ p. By Maschke's theorem, therefore, V is completely reducible as a 
P-module, and we can decompose V as a direct sum of simple P-modules. 
If this is a proper decomposition, then since the orbit sizes of the action of 
P on each summand are distinct, the inductive hypothesis guarantees that 
there is an orbit of size p on each component. Since, by hypothesis, the 
P-orbit sizes on V are distinct, this is a contradiction, and it follows that 
there is just one component. In other words, V is simple as a P-module. 
If P is abelian, consider an arbitrary subgroup B c_ P. Then Cv(B)  
admits the action of P, and hence if B is nontrivial, we must have 
Cv(B)  = 0. It follows that the P-orbits on the nonzero vectors of V all 
have size [PI, and thus there is just one such orbit. We thus have 
IVI = 1 + {PI and we have qa = 1 +pb, where IV[ = qa and IPI =pb. 
Since p ~ 2, we conclude from Lemma 3.2 that q = 2, b -- 1, and p is 
Mersenne, and we are done in this case. 
We can assume now that P is nonabelian, and we work to derive a 
contradiction. Since p # 2 and P is noncyclic, Lemma 3.1 guarantees that 
P must have a noncyclic normal abelian subgroup. It follows that V is 
imprimitive as a P-module, and thus we can decompose V = EW~ as a 
direct sum of subspaces that are transitively permuted by P. We can 
assume that the stabilizer in P of W 1 is a maximal subgroup N of P, and 
thus N <a P and [P : N[ = p. It follows that there are exactly p subspaces 
W~ and that N is the stabilizer of each of them. 
Suppose that Y is an N-orbit of nonzero vectors of W1, and note that Y 
is contained in some orbit X of the action of P on V. It is easy to see that 
X A W/ is a single N-orbit on W/ and that X is the union of its intersec- 
tions with the p subspaces W~. Also, the set of intersections X A W~ is 
transitively permuted by P, and hence each such intersection has cardinal- 
ity equal to IX (3 WI] = ]YI. It follows that [YI = IX l /p,  and since the 
P-orbits on V have distinct sizes, we deduce that the N-orbits on the 
nonzero vectors in W1 have distinct sizes. To see that the N-orbits on all 
of the vectors (including 0) of W 1 have distinct sizes (so that we can apply 
the inductive hypothesis to the action of N on W1), we must show that 
]YI > 1. We assume, therefore, that IYI = 1, and thus IXl = p, and we can 
write X = {will < i < p} for vectors w i ~ W i. Since EW/is direct, it follows 
in this case that Ew i is a nonzero P-fixed element of V. But we know that 
Cv(P )  = 0; this contradiction shows that IYI > 1, and thus the N-orbits 
on the vectors in W 1 have distinct sizes, as desired. 
By the inductive hypothesis applied to the action of N on W1, we can 
now conclude that q = 2 and IWll =p  + 1. It follows that [W[ = [Wx[ p = 
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(p  + 1) p, and thus, by hypothesis, we know that this number must be a 
sum of distinct powers of p. The residue of (p  + 1) p modulo p4 must 
therefore be a sum of distinct powers of p, and so the base-p expansion of 
this residue can have no digit exceeding 1. If  p > 3, then (1 + p)P =- 1 + 
p2 + ((p _ 1)/2)p3 mod p4, and this is a contradiction since the digit 
(p  - 1) /2 exceeds 1. If  p = 3, however, then (1 + p)P = 43 = 64 = 1 + 9 
+ 2.27,  and this is also a contradiction. The proof is now complete. | 
The situation is more complicated when p = 2. For example, we can 
take P to be the wreath product of a cyclic group of order 8 with a cyclic 
group of order 2, so that IPI = 128. There is a faithful imprimitive action 
of P on a vector space V = U-i- IV, where IUI--- 9 = IWI and the set 
{U, W} is permuted by P. This action can be constructed so that the 16 
nonzero vectors in U U W form a single P-orbit. Furthermore, the 80 - 
16 = 64 remaining nonzero vectors of V also form a single p-orbit since if 
v is one of these vectors, it is easy to see that ICe(v)[ < 2. (This is because 
we can write v = u + w, where u ~ U and w ~ W are nonzero, and thus 
no nonidentity element of the abelian subgroup of index 2 in P can fix v.) 
There are thus exactly three orbits of P on V, and these have distinct 
sizes: 1, 16, and 64. 
Although Theorem 3.3 does not remain true if we take p = 2, we do 
have the following result, which is sufficient for our purposes. 
3.4. THEOREM. Let P be a 2-group that acts irreducibly on a nontrivial 
vector space V in characteristic q, and assume that the orbits of this action 
have distinct sizes. Then one of the following occurs: 
(i) P acts transitively on the set V # of nonzero vectors of V. 
(ii) There are orbits of P on V # of sizes 2 e and 2 £, where e is odd and 
f is even. 
(iii) [VI = 81 = 34 and there are just two P-orbits on V ~. These orbits 
have sizes 16 = 24 and 64 = 26, and in this situation V is the direct sum of 
two subspaces of order 9 that are permuted by P. 
Proof. We can suppose that the action of P on V is faithful. Assume 
first that P has no noncyclic abelian normal subgroup, so that Lemma 3.1 
applies. Then P is cyclic, dihedral, semidihedral, or generalized quater- 
nion, and in each of these cases, P had a cyclic subgroup C of index 2. If 
B is any subgroup of C, then B < P, and thus Cv(B)  admits the action of 
P. I f  B is nontrivial, then because V is a faithful simple P-module, it 
follows that Cv(B)  = 0, and we conclude that the C-orbits on the set V # 
all have size equal to ICI. Since [P : CI = 2, we see that there are just two 
possible sizes for the P-orbits to V #. Each orbit has size ICl or 21CI, and 
we observe that one of these numbers is of the form 2 e with e odd, and the 
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other has the form 2 f with f even. If  conclusion (ii) fails in this case, 
therefore, there must be just one orbit size; hence, by hypothesis, P has 
just one orbit on V #, and the conclusion (i) holds. 
We can now assume that P has a noncyclic normal abelian subgroup, 
and thus V is imprimitive as a P-module. Reasoning as in the proof of the 
previous theorem, we can write V = U ~- W, where U and W are subspaces 
permuted by P. Let N be the stabilizer of U in P, so that IP : NI = 2, and 
observe that N must act irreducibly on U. Continuing to reason as in the 
proof of the previous theorem, we deduce that the size of each orbit of N 
on U # is exactly half the size of an orbit of P on V #, and the orbit sizes of 
the action of N on U are distinct. The hypotheses of the theorem are thus 
inherited by this action, and hence, working by induction on IVI, we can 
assume that one of the three conclusions of the theorem holds for the 
action of N on U. 
I f  (ii) holds for N acting on U, then it must also hold for the action of P 
on V because we know that the double of each orbit size of N on U # is an 
orbit size of P on V ~. If  (iii) holds for N acting on U, then IUI = 34, and 
hence Iv l  = 3 8. But the orbit sizes of P on V correspond to the digits in 
the binary expansion of IVI, and we compute that IVI = 3 8 = 212 q- 211 
+ .... In this case, therefore, the conclusion (ii) holds for the action of P 
on V. 
Finally, we assume that N is transitive on U #. Writing [U[ = qa, we have 
qa = 20 + 1 for some exponent b, and so by Lemma 3.2 we see that the 
only possibilities are that a = 1 and q is Fermat or that qa = 9 and 
2 b = 8. In the first case, where q is a Fermat prime, b must be a power of 
2; in the second case, we have b = 3. In particular, we see that if b > 3, 
then b must be even. If b > 1, we can compute the binary expansion of 
]VI by writing IVI = ]U1 z = (1 + 2b) 2 = 1 + 26+1 + 22b. If  b is even, we 
see that there is one even and one odd exponent, and thus the conclusion 
(ii) holds in this situation. The only cases that remain are where b = 1 and 
where b = 3. If  b = 1, then IVI = IUI 2 = (21 + 1) 2 = 9 = 8 + 1. Since 
there is only one nontrivial power of 2 in this binary expansion, we see that 
P is transitive on V ~ and (i) holds. (Actually this case cannot really occur 
because P is imprimitive on V.) Assuming now that b = 3, we have 
JVI = IUI 2 = (23 + 1) 2 = 81 = 64 + 16 + 1. In this situation, we see that 
(iii) holds. | 
4. D IST INCT DEGREES OVER AN INVARIANT CHARACTER 
In this section, we use the results of Section 3 to prove a slightly 
strengthened form of Theorem E. Recall that, in the situation of Theorem 
E, we have N <3 G, and we are given a G-invariant character 0 ~ I r r (N)  
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such that the members of Irr(G]0) have distinct degrees. We assume that 
G/N is solvable and that N is a p-group, and the principal goal is to show 
that [Irr(GI0)l = 1. (The assertion in Theorem E that G is a p-group will 
follow fairly easily from this.) 
In fact, we can weaken the assumption that N is a p-group. It suffices to 
assume instead that the degree and the determinantal order of 0 are 
powers of the prime p. (Recall that the determinantal order o(0) is the 
order of det(0) as an element of the group of linear characters of N.) If N 
is a p-group, then the degree and determinantal order of 0 are automati- 
cally powers of p, and thus the following result includes Theorem E. 
4.1. THEOREM. Let N ,~ G, where G/N  is solvable. Suppose that 0 
I rr(N) is invariant in G, and assume that the members of Irr(GI0) have 
distinct degrees. In addition, assume that 0(1) and o(0) are powers of some 
prime p. Then IIrr(GI0)l = 1 and G/N  is a p-group. 
We begin work toward a proof of Theorem 4.1 with a brief review of 
some familiar material from elementary character theory. Suppose N <~ G 
and that 0 ~ Irr(N) is invariant in G. Let X ~ Irr(GI0), and write XN = eO 
for some integer e. It is well known that e 2 < IG:NI  and that equality 
occurs precisely when X is the unique member of Irr(GI0). In this 
situation, where e 2 = [G : NI, we say that each of X and 0 is fully ramified 
with respect o G/N.  
Continuing with the above notation, and assuming that X and 0 are 
fully ramified, we see that 0 c is a multiple of X, and thus X has the value 
0 on each element of G-  N. In particular, it follows in this case that 
Z(G) c_ N since X cannot vanish on a central element of G. Also, if 0 is 
fully ramified with respect o G/N and G > N, then clearly 0 does not 
extend to G, and thus G/N is noncyclic. 
We shall also need one further property of fully ramified characters. 
4.2. LEMMA. Let N <~ G, and suppose that 0 ~ I rr(N) is invariant in G 
and that it is fully ramified with respect o G/N.  Then every prime divisor of 
]G : NI divides either the degree or the determinantal order of O. In particular, 
every such prime divides INI. 
Proof. Let p be any prime dividing neither the degree nor the determi- 
nantal order of 0. To prove that p cannot divide [G:NI,  we consider a 
Sylow p-subgroup P/N  of G/N.  By a theorem of Gallagher, which 
appears as Corollary 8.16 of [2], we know that 0 has an extension 
~b ~ Irr(P). Observe that qJc(1) = qJ(1)lG : P[ = 0(1)[G : P[ is not divisible 
by p, and thus qt a must have some irreducible constituent X with degree 
not divisible by p. But, by assumption, 0 is fully ramified with respect o 
G/N,  and thus X is the unique irreducible character of G lying over 0, 
and XN = eO, where e 2 = IG : NI. Since p does not divide X(1), we deduce 
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that p does not divide e, and thus p also does not divide e z = IG : NI, as 
required. ] 
It follows by Lemma 4.2 that, in the situation of Theorem 4.1, it suffices 
to prove that IIrr(G]0)l = 1. The second conclusion of the theorem, that 
G/N is a p-group, will then follow automatically. We need the following 
very easy result concerning determinantal orders. 
4.3. LEMMA. Let N <1 G, and suppose that X ~ Irr(G[0), where 0 
I rr(N) is G-invariant. Then o(X) divides o(O)lG : NI. 
Proof. We can write XN = e O for some integer e. It follows that 
AN = ~e, where A = det(X) and ~ = det(0). Since /x °(°) = 1 N, it follows 
that N c ker(A°(°)), and thus the order of )t °(°) divides IG/NI. Therefore 
)to(0)lc: NI = 1, and the result follows. | 
Our final preliminary result is closely related to Theorem 4.1, but it is 
much more elementary. 
4.4. LEMMA. Let N ,q G, where G/N  is nilpotent, and let 0 ~ Irr(N). 
Assume that the members of Irr(GI0) have distinct degrees. Then IIrr(GI0)l 
-~-1. 
Proof. Working by induction on IG : NI, we can assume that N < G. 
Let T be the stabilizer of 0 in G and observe that, by the Clifford 
correspondence [2, Theorem 6.11], induction defines a bijection from 
Irr(TI0) onto Irr(GI0), and thus the members of Irr(TI0) have distinct 
degrees. If T < G, the inductive hypothesis implies that Ilrr(TI0)l - 1, and 
thus Ilrr(GI0)l = 1, as desired. We can thus assume that T = G, and so 0 
is G-invariant. 
Now let K/N be a subgroup of prime order p in Z(G/N),  and note that 
Irr(KI 0) consists of p characters, each of which is an extension of 0. Also, 
K ,~ G and G acts on Irr(KI0). Furthermore, if ~o ~ Irr(KI0), then each 
member of this set has the form q~A, where A is a linear character of K/N,  
which is necessarily G-invariant. It follows that the stabilizer S of q~ in G 
is the kernel of the action of G on Irr(KI0), and, in particular, S <1 G and 
G/S  acts semiregularly on the set of p extensions of 0 to K. It follows 
that tG/SI divides p, and thus there are just two possibilities: either S = G 
or IG:SI =p.  
Assume first that IG:S! = p, so that the members of Irr(K[0) form a 
single G-orbit. In this case, we see that Irr(GI0) = Irr(Gtq~), and, by the 
inductive hypothesis applied with K in place of N, it follows that this set 
has cardinality 1, as required. 
We can now assume that each member a ~ Irr(KI0) is G-invariant, and 
we derive a contradiction to complete the proof. Since Irr(GI a)  c_ Irr(GI 0), 
we can apply the inductive hypothesis to conclude that IIrr(GJo~)l = 1. We 
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can thus write Irr(G[a) = {X~}, and since a is invariant in G, it is fully 
ramified with respect o G/K and we have ( X~)K = ea, where e 2 = [G : K[. 
The p characters X~ are distinct as a runs over Irr(K[0) because their 
restrictions to K are distinct. Also, X~(1) = ea(1) = [G : K[a/20(1), and so 
these characters have equal degree. Since X~ ~ Irr(G[ 0) for all a, we have 
a contradiction to the hypothesis. | 
Proof of Theorem 4.1. It suffices to prove that 0 is fully ramified with 
respect o G/N since, by Lemma 4.2, the second conclusion--that G/N is 
a p-group--wil l  follow automatically. Since there is nothing to prove when 
N = G, we can assume that N < G, and we work by induction on [G : N[. 
Let K/N be a chief factor of G, and if Op(G/N) > 1, choose K so that 
K/N is a p-group. In any case, we let q be the unique prime divisor of 
IK/N[. By the "going up" theorem for abelian chief factors, there are just 
two possibilities: either 0 is fully ramified with respect o K/N or else 0 
extends to K. In the latter case, furthermore, there are exactly [K :N[  
extensions, and these are all of the members of Irr(K4 0). (See [2, Problem 
6.12].) 
Assume first that 0 is fully ramified with respect o K/N, and write q~ to 
denote the unique member of Irr(KI0), so that ¢ is G-invariant. By 
Lemma 4.2, it follows that K/N is a p-group in this case, and thus o(q~) is 
a power of p by Lemma 4.3. Also, q~(1) - e0(1), where e 2 = ]K: N[ is a 
power of p, and it follows that q~(1) is a power of p. Finally, we observe 
that Irr(G[ q~) = Irr(GI 0), and thus we can apply the inductive hypothesis 
with K and q~ in place of N and 0. The result follows in this case. 
We can now assume that 0 extends to K, and we suppose first that 
q = p. Then Irr(K[0) consists of [K: NI extensions of 0, and we let q~ be 
any one of these. By Lemma 4.3, we know that o(q~) is a p-power, and of 
course qf f l )= 0(1) is also a p-power. Proceeding as in the proof of 
Lemma 4.4, we let T be the stabilizer of q~ in G, and we observe that 
induction defines a bijection from Irr(T[ q~) onto Irr(GI q~) __C_ Irr(G/] 0). It 
follows that the members of Irr(Tlq~) have distinct degrees, and thus we 
can conclude by the inductive hypothesis that [Irr(Tlq~)[ = 1 and T/K is a 
p-group. 
Now let R ~ Sylr(G), where r is any prime different from p, and 
observe that R permutes the [K : N[ extensions of 0 to K. Since r 4: p and 
[K : N[ is a p-power, there must exist an R-invariant extension q~ of 0 to 
K. Then R is contained in the stabilizer T of ~0 in G, and we know by the 
result of the previous paragraph that IT : K[ is a p-power. It follows that 
R c_c_ K, and we deduce that G/K is a p-group; thus also G/N is a 
p-group. The result follows by Lemma 4.4 in this case. 
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We can now assume that q ~ p, and we work to derive a contradiction. 
Corollary 6.28 of [2] guarantees that 0 has a unique extension ~ ~ Irr(K) 
such that o(~o) is a p-power. Also, because ~p is unique, it must be 
G-invariant, and of course ~(1) = 0(1) is a p-power. Now Irr(G[¢) ___ 
Irr(GI 0), and so, by the inductive hypothesis, we have Ilrr(Gl¢)] = 1. Thus 
G/K is a p-group of square order, and we write G/K = P and IPI = e 2. 
Also, since every character in Irr(KI0) is an extension of ¢, these IK : NI 
characters have equal degrees, and we deduce that K is not the whole 
group G. Furthermore, since q #: p, we know by the choice of K that 
Op(G/N) is trivial; hence the p-group P acts faithfully on K/N, and thus 
it also acts faithfully on the elementary abelian q-group V = Irr(K/N). 
We show next that the orbits of the action of P on the members of V 
have distinct sizes. Suppose that /z ~ V lies in a P-orbit of size a. Then 
the orbit of g under G has size a, and we let S be the stabilizer o f / z  in 
G, so that IG : SI = a, and thus IS : KI = eZ/a. Note that S stabilizes ¢/~, 
and in fact S is the full stabilizer in G of q~ because the map/z  ~ ~/x is 
injective by Gallagher's theorem. (See [2, Corollary 6.17]). 
Induction defines a bijection from Irr(Sl¢/z) to Irr(Gl~p/x)c Irr(GI0), 
and thus the members of Irr(SI eft) have distinct degrees. But S/K is a 
p-group, and thus we can apply Lemma 4.4 to deduce that Ilrr(SI ~)1  = 1. 
It follows that e2/a = IS : KI is a square, and hence a is a square and the 
unique irreducible character of S lying over ~/z has degree (e/x/-d-)~(1). 
This character induces irreducibly to G, yielding a character X ~ Irr(GI0) 
such that X(1)/q~(1) = a(e/fa) = ev~, and we note that X lies over ~o/z. 
If v ~ V also lies in a P-orbit of size a, then similar reasoning shows that 
~0v lies under some character to ~ Irr(GI0) such that to(1)/qffl) = ev~-. 
Thus X(1) = to(l), and we deduce that X = tO; hence X lies over q~v. Since 
~p/z and ~ov both lie under the X ~ Irr(G), these irreducible constituents 
of XK must be G-conjugate, and it follows that /z and v lie in the same 
G-orbit. (We are using Gallagher's theorem again.) This shows that the 
orbits of the action of P on V have distinct sizes, as desired. 
In the situation of the previous paragraph, we observe that /z extends to 
some linear character a ~ Irr(S) since S/K is a p-group and K/N is a 
q-group, with q 4=p. The map ~ ~ ~a defines a bijection from Irr(SI0) 
onto Irr(S[ ~0~), and it follows that IIrr(SI q~)l = [Irr(SI ~/x)l = 1. We deduce 
that q~ is fully ramified in S whenever S is the full stabilizer in G of an 
arbitrary member of V = Irr(K/N). 
Summarizing the situation now, we know that P = G/K is a nontrivial 
p-group that acts faithfully on the elementary abelian q-group V. Also, the 
P-orbits on V have distinct sizes, and ~ is fully ramified with respect o 
S/K, where S is the preimage in G of an arbitrary point s abilizer of the 
action of P on V. In particular, IPI and all of the orbit sizes of P on V are 
squares. 
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Suppose that p va 2. By Theorem 3.3, we deduce that there is a single 
P-orbit of nonidentity elements of V, and this orbit has size p, which, of 
course, is not a square. This is a contradiction, and thus we can assume 
that p = 2. 
By Theorem 3.4, there are three possibilities. If conclusion (i) holds, 
then P acts transitively on V #, and in this case IVI - 1 is a power of 2. It 
follows by Lemma 3.2 that either IVI is a Fermat prime or IVI -- 9. If IVI is 
prime, then P is cyclic, and thus q~ extends to G. This is a contradiction 
since q~ is fully ramified with respect o G/K and K < G. If IVI -- 9, on 
the other hand, then the unique orbit of P on V # has size 8, which is not 
a square, and this is also a contradiction. Also, if conclusion (ii) of 
Theorem 3.4 holds, then P has an orbit of nonsquare size, and once again 
we have a contradiction. 
We are left with the situation of conclusion (iii) of Theorem 3.4. We can 
thus write V = X x Y, where I XI = 9 = IYI and X and Y are permuted by 
P, which has orbits of size 24 and 26 on V #. In particular, IPI > 26. Let L 
be the stabilizer of X in P, so that IP : LI = 2. The full Sylow 2-subgroup 
of Aut(X) is semidihedral of order 24, and thus L is isomorphic to a 
subgroup of the direct product of two groups of order 24 , and hence 
ILl -< 28. We thus have 26 < IP[ -< 29, and we also know that IPI is square. 
There are thus just wo possibilities, either IPI = 26 or IPI = 28. 
First, we describe the two orbits of the action of P on V #. There are 
exactly 8 + 8 = 16 nonidentity elements in X u Y, and so these must 
constitute a full P-orbit. The other P-orbit of nonidentity elements, 
therefore, consists of all the remaining 80 - 16 = 26 nonidentity elements 
of V. These, of course, are exactly the 
components in both X and Y. 
Suppose first that IPI -- 26, so that ILl 
x e X and let U be the stabilizer of x in 
elements that have nonidentity 
= 25. Fix a nonidentity element 
P, so that IP : UI = 24, and thus 
]U[ = 4. Note that U _ L, and thus U acts on Y. In fact, the action of U on 
Y must be Frobenius because if y is any nonidentity element of Y, then 
the P-orbit containing xy has size 2 6, and thus the stabilizer of xy in P is 
trivial. It follows that U is cyclic, and hence if S is the preimage of U in G, 
we see that S/K is cyclic. Thus ~p extends to S, and this is a contradiction 
because q must be fully ramified in S. 
We can now assume that hP] = 2 8, and thus the stabilizers in P of 
points in V # have orders 4 and 16. Let Q and R be the kernels of the 
actions of L on X and Y, respectively, and note that Q and R are 
conjugate in P. Also, L contains the direct product Q x R, and thus 
27 = ILl > IQI 2, and hence IQ[ < 23. But L /Q acts faithfully on X, and 
thus IL/QI < 24. Since ILl = 27, we conclude that IQI = 8. Also, Q acts 
faithfully on Y, and thus it is isomorphic to a subgroup of a semidihedral 
group of order 16. It follows that Q is cyclic, quaternion, or dihedral. Also, 
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if x ~ X is a nonidentity element, then the full stabilizer of x in P has 
order 16, and it contains Q as a subgroup of index 2. 
Suppose that Q is cyclic or quaternion. In these cases, Q has a trivial 
Schur multiplier, and hence q~ is guaranteed to be extendible to the 
preimage in G of Q. This preimage has index 2 in the preimage S in G of 
Ce(x), and hence the characters of S that lie over q~ have degree at most 
2qffl). Since IS:KI  = 16, this contradicts the fact that q~ must be fully 
ramified in S. 
We are left with the situation where Q and R are each dihedral of order 
8; we observe that R acts faithfully on X,  but this action cannot be 
Frobenius. We can thus choose a subgroup B c_ R of order 2 such that B 
fixes a nonidentity element x ~ X. It follows that QB = Q x B is the full 
stabilizer of x in P, and we write S to denote its preimage in G. Let M be 
the preimage of B in G, so that we have K c M <~ S and IM : KI = 2. 
Let ot be one of the two extensions of q~ to M, and let T be the 
stabilizer of a in S, so that IS : T[ < 2. Now T/M cannot be cyclic, or else 
would extend to T and the characters of S lying over a would have 
degree at most 2 qffl). This is impossible since ~p is fully ramified in S. 
Recall that we have K ___ M c T c S, where S/K  = QB and M/K = B. 
Write C=T/K ;  observe that BcC~QB,  and thus C=(QNC)B.  
Since Q n B = 1, we see that Q o C =-- C /B  =-- T /M,  which is noncyclic. 
Thus Q N C is a noncyclic subgroup of the dihedral group Q, and hence 
its action on Y cannot be Frobenius. We can thus choose a subgroup A of 
order 2 in Q n c such that A fixes a nonidentity element y ~ Y. 
Since A ___ Q, the action of A on X is trivial, and thus A fixes the 
element xy of V #. Also, we know that B fixes x, and since B c_ R, it 
follows that B fixes y; thus B also fixes xy. The subgroup ABc P thus 
fixes xy, and we see that IABI = 4. Since x c X and y ~ Y are both 
nontrivial, we know that he full stabilizer of xy in P has order 4, and thus 
AB is the full stabilizer of this element. If W is the preimage of AB in G, 
it follows that q~ is fully ramified with respect o W/K.  
We have M/K = B c AB = W/K  and W/K = AB G (C n Q)B = C = 
T /K ,  and thus K c_ M c_ W c_ T. It follows that the character a ~ Irr(M) 
is invariant in W, and hence it extends to W since IW: MI = IAI = 2. We 
conclude that q~ extends to W, and this is a contradiction because ~ is fully 
ramified with respect o W/M.  This completes the proof, l 
The following technical result is the form in which we will use Theorem 
E. It is convenient to state it using the notation of [3], and so if N <~ G, we 
write Irr(G}N) to denote the set of those irreducible characters of G 
whose kernel does not contain N. Also, as usual, we write X ~ to denote 
the set of nonidentity elements of a group X. In particular, if N is abelian, 
then Irr(N) # is the set of nonprincipal linear characters of N. 
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4.5. COROLLARY. Let N be a minimal normal subgroup of a solvable 
group G, and assume that the members of Irr(GlN) have distinct degrees. 
Let p be the prime divisor of IN[ and let P ~ Sylp(G). The following then 
hold. 
(a) Each nonprincipal linear character of N is fully ramified with respect 
to T/N,  where T is its stabilizer in G. In particular, T is a p-group, Z(T) c N, 
and }T : N I is quare. 
(b) If A,/~ ~ Irr(N) # have stabilizers of equal order in G, then A and 
tx are G-conjugate. 
(c) 
(d) 
on N #. 
(e) 
(f) 
on N is 
If P > N, then P /N  is noncyclic. 
I f  P .~ G, then N = Z(P) and G acts transitively on Irr(N) * and 
If  P is abelian, then N = P. 
Let Q c_ G be a p'-subgroup. Then the action of Q on Irr(N) and 
Frobenius. 
Proof. Let h be a nonprincipal linear character of N, and let T be its 
stabilizer in G. Then induction defines a bijection from Irr(Tlh) to 
Irr(G[h), and since the degrees of the members of Irr(Glh) are distinct, it 
follows that the members of Irr(Tlh) also have distinct degrees. We can 
thus apply Theorem E to the group T. We deduce that T is a p-group, and 
thus the action of any p'-subgroup Q on Irr(N) is Frobenius. The action of 
Q on N is thus also Frobenius, and this proves (f). Also, since h is fully 
ramified with respect o T/N,  conclusion (a) follows. 
If X ~ Irr(Glh), then X = fiG, where ~b is the unique member of 
Irr(TlA). We have tp(1) = [T: N[ 1/2, and hence X(1) = IG: T[ IT : NI 1/2. If 
also tx ~ Irr(N) ~ has a stabilizer with order equal to IT[, then /~ must also 
lie under a member of Irr(GlN) with degree equal to [G : T[ IT : NI 1/2, and 
thus ~ must lie under X by the hypothesis. It follows that /~ is G-con- 
jugate to A, and this proves (b). 
Since [N, P] < N, it is possible to choose A as above with P c_ T, and 
thus P = T. Since h is fully ramified with respect o P/N,  we see that A 
cannot extend to P if P > N. Thus P/N  is not cyclic and conclusion (c) 
follows. Also, if P <1 G, then 1 < N n Z(P) <~ G, and hence N _ Z(P). It 
follows that P stabilizes every linear character of N, and hence P is the 
full stabilizer of every member of Irr(N) #. Thus N = Z(P) by (a), and G 
acts transitively on Irr(N) # by (b). The action of G on N # is thus also 
transitive, and (d) is established. 
Finally, suppose that P is an abelian. As before, let T be the stabilizer 
of h ~ Irr(N) #, and observe that, in this case, P _ T and thus T = P is 
abelian. But P = Z(T) _ N by (a), and conclusion (e) follows. | 
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We note that Corollary 4.5 automatically applies if G is a nonabelian 
DMD-group and N is the unique minimal normal subgroup of G. In that 
case, the members of Irr(GIN) are faithful and hence they are monolithic, 
and they are nonlinear since G' ___ N. It follows that these characters have 
distinct degrees. 
5. GROUPS WITH DISTINCT NONLINEAR 
CHARACTER DEGREES 
As a demonstration of the power of Theorem E (in the form of 
Corollary 4.5), we give a new proof of Theorem A. We begin with an easy 
preliminary result. 
5.1. LEMMA. Let N c_ Z(G), and assume that every nonprincipal charac- 
ter A ~ Irr(N) is fully ramified with respect to G/N. If  G > N, then 
IG: NI > INI. 
Proof. Let g ~ G-  N, and observe that, since each character X 
Irr(GtN) is fully ramified with respect o G/N, we have x(g) = 0 for all 
such characters. It follows that IC~(g)l--- El~(g)l 2, where ~ runs over 
Irr(G/N). Writing G = G/N, we have I CG(g)I =/C~-(g)l _< [al. But N < 
(N, g) c Co(g) , and therefore INI < ]GI = ]G : NI, as required. | 
We are now ready to prove Theorem A. Recall that the hypothesis of 
this result is that G is a (necessarily solvable) group with the property that 
the degrees of its nonlinear irreducible characters are distinct. We want to 
prove that G is one of the following: abelian, an extraspecial 2-group, a 
doubly transitive Frobenius group with cyclic complement, or the Frobe- 
nius group of order 72 with quaternion complement. 
Proof of Theorem A. Assume that G is nonabelian, and work by 
induction on G. Let N c_ G' be a minimal normal subgroup of G, and let 
p be the unique prime divisor of INI. Note that the members of Irr(GIN) 
are nonlinear; thus they have distinct degrees, and we are in the situation 
of Corollary 4.5. Also, homomorphic mages of G satisfy the hypotheses, 
and thus G/N is either abelian, an extraspecial 2-group, a doubly transi- 
tive Frobenius group with cyclic complement, or the Frobenius group of 
order 72 with quaternion complement. 
If G is nilpotent, then N is central of order p. By Corollary 4.5(a), we 
see that G must be a p-group, that N = Z(G), and that IG : NI is a square. 
By Corollary 4.5(d), the elements of N # are transitively permuted by G, 
and since N is central, it follows that p = 2. Since G/N has square order, 
it cannot be an extraspecial 2-group, and since it is nilpotent, the only 
other possibility is that G/N is abelian. Thus Z(G) = N = G' has order 2, 
and it follows that G is an extraspecial 2-group. 
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We can now assume that G is not nilpotent, and in particular it is not a 
p-group. Suppose now that G/N is abelian, so that G has a normal Sylow 
p-subgroup P and an abelian p-complement Q > 1. By Corollary 4.5(f), 
the action of Q on N is Frobenius, and thus Q is cyclic. 
Continuing with the assumption that G/N is abelian, we claim that 
P = N. Otherwise, P > N, and thus P is nonabelian by Corollary 4.5(e). 
Thus 1 < P' c_ N and P' <1 G, and hence, by the minimality of N, we have 
P' = N. Thus Q acts trivially on P/P', and it follows that Q acts trivially 
on P. This is a contradiction, however, since Q certainly does not central- 
ize N. Thus P = N, as claimed. By Corollary 4.5(d), we see that Q must 
act transitively on N #, and thus G is a doubly transitive Frobenius group 
with cyclic complement. 
We can now assume that G/N is nonabelian. If G/N is an extraspecial 
2-group, then p v~ 2 and the action of a Sylow 2-subgroup Q of G on N is 
Frobenius. Since Q is an extraspecial Frobenius complement, it must be 
quaternion of order 8, and we know by Corollary 4.5(d) that Q acts 
transitively on N #. It follows that G is the Frobenius group of order 72 
with quaternion complement. 
In all of the remaining cases, G/N is a doubly transitive Frobenius 
group, and we work to derive a contradiction. Let K/N be the Frobenius 
kernel of G/N, and note that, since G/K acts transitively on (K/N) #, we 
have IG : g l  = IK : N[ - 1 and K/N is an elementary abelian q-group for 
some prime q. 
If q :~ p, then the action of K/N on N is Frobenius by Corollary 4.5(f), 
and thus IK/N[ = q. It follows that G/K is cyclic and, in particular, if 
P ~ Sylp(G), then P/N is cyclic. By Corollary 4.5(c), it follows that 
P = N, and thus the action of the Frobenius group G/N on N must be 
Frobenius. But this is impossible since a Frobenius group cannot be a 
Frobenius complement. We conclude that q = p. 
Now K ~ Sylp(G); thus N = Z(K) by Corollary 4.5(d), and K is the full 
stabilizer in G of every nonprincipal linear character of N. Each of these 
linear characters i therefore fully ramified with respect o K/N, and since 
K > N, it follows by Lemma 5.1 that IK : NI > INI. Thus IG : KI = Ig : NI 
- 1 > IN[. This is a contradiction, however, since the action of G/K on N 
is Frobenius. The proof is now complete. II 
6. BOUNDING THE LENGTH 
Although we believe that there is probably a universal upper bound for 
the derived length of a DMD-group, the best we have been able to do in 
this direction is to prove Theorem B, which asserts that if G is a 
(necessarily solvable) DMD-group, then G" is nilpotent. 
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Proof of Theorem B. Assuming that G" is not nilpotent, we proceed by 
induction on IGI. Let N be a minimal normal subgroup of G, and note 
that G/N is a DMD-group and thus G"N/N = (G/NY' is nilpotent by 
the inductive hypothesis. The final term (G") ~ of the lower central series 
of G" is thus contained in N; therefore N = (G") °~ is the unique minimal 
normal subgroup of G and N ~ G". The members of Irr(GJN) are 
therefore faithful, and hence they are nonlinear and monolithic, and by 
hypothesis they have distinct degrees. We are therefore in the situation of 
Corollary 4.5. 
Let p be the prime divisor of INI, and note that G" is not a p-group and 
so I a"l has some prime divisor q ~ p. Observe that G" has a normal 
q-complement K < G" because G"/N is nilpotent and N is a p-group. If 
Q is a Sylow q-subgroup of G, then the action of Q on N is Frobenius, 
and hence Q is either cyclic or generalized quaternion. Thus G"/K is also 
either cyclic or generalized quaternion, and it follows that Z(G"/K) is a 
nontrivial cyclic normal subgroup of G/K. We can thus choose a chief 
factor L /K  of G such that L c_ G" and L /K  has order q. 
Now choose M <~ G maximal with the property hat M rh L = K, and 
observe that L K M and LM/M is the unique minimal normal subgroup 
of G/M. Also, LM/M --- L /K  has order q. Since L c_ G" and L K M, we 
see that G" ff£ M and G/M is not metabelian. It follows that the Fitting 
subgroup F /M = F(G/M) is not cyclic. But the unique minimal normal 
subgroup of G/M is a q-group, and hence F /M is a q-group; since F /M 
is not cyclic, we see that Q ~ Sylq(G) is not cyclic. It follows that q = 2 
and ILM/M[ = 2. 
The monolith G/M is a nonabelian DMD-group, and thus Corollary 4.5 
applies to G/M with respect o its minimal normal subgroup LM/M of 
order 2. The unique nonprincipal linear character of LM/M is invariant in 
G, and it follows by Corollary 4.5(a) that G/M is a 2-group. But Q is 
generalized quaternion; thus Q"= 1, and it follows that G/M is 
metabelian. This is a contradiction, and the proof is complete. | 
6.1. COROLLARY. The Fitting height of a DMD-group is at most 3. 
7. NORMAL SYLOW SUBGROUPS 
In this section, we begin working toward a proof of Theorem C. In 
particular, we are interested in the situation where G is a DMD-group and 
P <~ G is a Sylow subgroup with P ___ G'. Our goal is to show that P is 
elementary abelian and that, in fact, P is a direct product of minimal 
normal subgroups of G with distinct orders. We start by assuming that P 
is abelian in the situation of Theorem C. 
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7.1. THEOREM. Let G be a DMD-group, and suppose that P is an abelian 
normal Sylow subgroup of G contained in G'. Then P is a direct product of 
minimal normal subgroups of G having distinct orders. 
Actually, we will prove something a bit more general. Theorem 7.1 
follows as an immediate corollary of the following result. 
7.2. THEOREM. Let G be a DMD-group having an belian Sylow p-sub- 
group, and suppose P ~ G is a p-subgroup such that P cc_ G'. Then P is a 
direct product of minimal normal subgroups of G having distinct orders. 
We need a preliminary lemma. The last assertion of this result is not 
needed for the proof of Theorem 7.2, but it will be needed later. 
7.3. LEMMA. Let G be a DMD-group having an abelian Sylow p-sub- 
group, and suppose that U /V  is a p-chief factor of G with U ~ G'. Then there 
exists a monolithic haracter X ~ Irr(G) such that X(1) = IU: VI - 1 and 
V= U n ker(x) .  Furthermore, G acts transitively on (U/V)  # and on 
Irr(U/V) #. 
Proof Choose M <~ G maximal with the property that M n U = V, 
and observe that U ~ M and MU/M is the unique minimal normal 
subgroup of G/M. Also, since U ~ G' and U ~ M, we see that G' ~ M, 
and thus G/M is nonabelian. 
Since G/M is nonabelian and has the unique minimal normal subgroup 
MU/M, it follows that the members of Irr(G/M) whose kernels do not 
contain MU/M are faithful, and thus they are nonlinear and monolithic. 
Also, G/M is a DMD-group, and hence these characters have distinct 
degrees. We can therefore apply Corollary 4.5 to the group G/M with 
respect to the normal subgroup MU/M. 
Now MU/M-=- U /V  as G-modules, and in particular, MU/M is a 
p-group. We know that a Sylow p-subgroup of G/M is abelian, and so, by 
Corollary 4.5(e), we conclude that MU/M is the full Sylow p-subgroup of 
G/M. Also, by Corollary 4.5(d), we know that G acts transitively on 
Irr(MU/M) ~ and on (MU/M) ~, and thus G also acts transitively on 
Irr(U/V) # and (U/V)  #, as required. Furthermore, by Corollary 4.5(a), we 
see that MU is the full stabilizer in G of each nonprincipal inear 
character of MU/M. If )t is such a linear character, it follows that X = )t6 
is irreducible, and thus XMu is the sum of the linear characters in the 
G-orbit of A. This yields X(1) = IMU/MI - 1 = IU/VI - 1, as desired. 
Finally, since ker (X) - -M,  we see that X is monolithic, and we have 
U n ker (x )  = U n M = V, as required. | 
Proof of Theorem 7.2. Consider a chief series for G running through P. 
We claim that the factors below P in this series have distinct orders. To 
see why this is so, suppose that U/V  and X/Y  are two such chief factors, 
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and suppose (as we may) that U ___ Y. By Lemma 7.3, there exists a 
monolithic character X ~ Irr(G) of degree IU/VI - 1 such that V = 
U n ker(X), and, similarly, there exists a monolithic haracter ~0 of degree 
IX /Y I -  1 such that Y = X n ker(kO). If IU/VI = IX/YI, then X(1) = 
~0(1), and thus X = k0 since G is a DMD-group. It follows that U c Y _c 
ker(qJ) = ker(g) ,  and thus V= U O ker (x )  = U, which is not the case. 
Thus IU/VI ~ IX/YI, as claimed. 
Now consider the map 0: P ~ P defined by O(x)= x p. Since P is 
abelian, 0 is a G-homomorphism, and thus O(P) -~ P/ker(O) as G-oper- 
ator groups. If O(P) n ker(0) > 1, it follows that each G-chief factor 
below O(P) n ker(0) is G-isomorphic to some factor between ker(0) and 
P. By the result of the previous paragraph, this cannot happen, and we 
deduce that O(P) n ker(0) = 1; thus O(P) has no elements of rder p. It 
follows that O(P) = 1, and thus P is elementary abelian. 
Since a Sylow p-subgroup of G is abelian, it follows that G/C6(P)  is a 
p'-group, and thus, by Maschke's theorem, P is completely reducible when 
it is viewed as a G-module over the field of order p. Also, by the result of 
the first paragraph, the composition factors of P as a G-module have 
distinct orders, and the result follows, l 
8. SYLOW DERIVED SUBGROUPS 
In this section, we continue working toward a proof of Theorem C by 
considering the case where the derived subgroup G' is a Sylow p-subgroup 
of a DMD-group G. (Recall that Theorem C concerns the more general 
situation where G' contains a normal Sylow subgroup of G.) 
We need the following elementary technical emma about modules for 
abelian groups. 
8.l. LEMMA. Let X, Y, and Z be FG-modules, where F is a field and G is 
an abelian group that acts transitively on the nonzero elements of Z. Suppose 
there exists an F-bilinear map B: X × Y ~ Z such that B(X, y) = 0 only 
when y = O, and such that B(xg, yg) = B(x, y)g for all elements x ~ X, 
y ~ Y, and g ~ G. Suppose further that some subgroup H c G acts irre- 
ducibly on X and trivially on I1. Then every element of G that fixes a nonzero 
element of Y acts trivially on all of Y. 
Proof. Let 0 ~ y ~ I1, and consider the subspace V ~ X consisting of 
those elements x ~ X such that B(x,y)  = 0. If x ~ V and h ~ H, we 
have B(xh, y) = B(xh, yh) = B(x, y)h = 0, and thus xh ~ I1. In other 
words, V is an FH-submodule of the simple FH-module X. Since y ~ 0, 
however, we have B(X, y) ~ O, and thus V < X. It follows that V = 0, and 
thus B(x, y) ~ 0 for all nonzero elements x ~ X. 
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Let a, b ~ Y be arbitrary nonzero elements, and fix a nonzero element 
t E X. By the result of the previous paragraph, B(t, a) and B(t, b) are 
nonzero elements of Z, and hence there exists some element g ~ G such 
that B(t, a)g = B(t, b). Let W c_X be the subspace consisting of all 
elements x ~ X such that B(x, a)g = B(x, b), and observe that t ~ W and 
hence W :~ 0. If x ~ W and h ~ H, we have 
B(xh, a)g = B(xh, ah)g = B(x,  a)hg = B(x,  a)gh = B(x,  b)h 
= B(xh, bh) = B(xh, b), 
and thus xh ~ W. Thus W is a nonzero FH-submodule of X, and we 
conclude that W = X. In other words, B(x, a)g = B(x, b) for all elements 
x~X.  
Again let a, b ~ Y be arbitrary, and suppose k ~ G is an element hat 
fixes a. We must show that k also fixes b. Choose g as in the previous 
paragraph, and let x ~ X be arbitrary. We compute that 
B(xk, bk) = B(x,  b)k = B(x,  a)gk = B(x,  a)kg = B(xk,  ak)g 
= B(xk,  a)g = B(xk,  b), 
and thus B(xk, bk - b) = 0 for all x ~ X. Thus B(X, bk - b) -- 0, and 
we conclude that bk - b = 0, as desired. | 
We shall also need to review a little number theory. If a > 1 and n > 1 
are integers and q is a prime divisor of a n - 1, then of course a n - 1 
mod q, and thus the order of a in the group of units modulo q is a divisor 
of n. We say that the prime q is a Zsigmondyprime for the pair (a, n) if it 
happens that the order of a modulo q is exactly n. In other words, q is a 
Zsigmondy prime for (a, n) if q divides a n - 1, but q does not divide 
a m - 1 for any integer m with 1 < m < n. (Note, however, that to show 
that a prime divisor q of a n - 1 is a Zsigmondy prime for (a, n) it suffices 
to check that q does not divide a m -1  for any proper divisor m of n.) 
Remarkably, Zsigmondy primes almost always exist. (See [4] for any easy 
proof of the following result.) 
8.2. THEOREM (Zsigmondy). Suppose there is no Zsigrnondy prime for 
(a, n), where a > 1 and n > 1 are integers. Then o e of the following occurs: 
(i) n = 6 anda =2. 
(ii) n = 2 and a = 2 e - -  1 for some integer e. 
Observe that situations (i) and (ii) of Theorem 8.2 are genuine excep- 
tions. The prime divisors of 26 - 1 -- 63 are 3 and 7, but neither of these 
is a Zsigmondy prime for (2, 6) because 3 divides 22 - 1 and 7 divides 
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23 -- 1. Furthermore, since a 2 - 1 = (a + 1)(a - 1), we see that a Zsig- 
mondy prime for (a, 2) would have to divide a + 1 but not a - 1. If a + 1 
is a power of 2, there dearly is no such prime. 
Finally, we are ready to prove the main result of this section. 
8.3. THEOREM. Suppose that G is a DMD-group and that G' is a Sylow 
p-subgroup of G. Then G' is abelian. 
Proof. Work by induction on IGI and assume that G' is not abelian. As 
usual, we begin by considering a minimal normal subgroup N of G. Then 
GIN is a DMD-group and (G/N)' = G'N/N is a Sylow p-subgroup of 
GIN. By the inductive hypothesis, therefore, G'N/N is abelian, and so 
G" _ N. Since G' is not abelian, we see that the only possibility is that 
N = G", and, in particular, N is the unique minimal normal subgroup of 
G. We write INI = pn. 
The characters in Irr(GIN) are monolithic and nonlinear, and hence 
their degrees are distinct, and we can apply Corollary 4.5. We conclude 
that N = Z(G') and that each nonprincipal linear character of N is fully 
ramified with respect o G'/N. Also, the action of the abelian if-group 
G/G' on N is Frobenius, and hence G/G' is cyclic. Furthermore, G acts 
transitively on Irr(N) ~ and on N ~, and it follows that PG/G'I = pn - 1. 
Also, because G/G' is cyclic, we see that G/[G', G] is abelian, and thus 
[G', G] = G'. It follows by Fitting's lemma applied to the coprime action of 
G/G' on G'/N that G/G' has no nontrivial fixed points in G'/N. 
We can also deduce some additional character theoretic information. 
Since each nonprincipal linear character A of N is fully ramified with 
respect o G'/N, there is a unique character 0 ~ Irr(G') that lies over A, 
and we see that 0 (1)=]G ' :N]  1/z. This defines a map A~ 0 from 
Irr(N) # into the set of nonlinear irreducible characters of G, and since O N 
is a multiple of ,~, we see that this map is injective. Furthermore, if 0 is an 
arbitrary nonlinear irreducible character of G', then since G"= N we 
know that 0 lies over some nonprincipal linear character of N, and it 
follows that our map is surjective. We conclude from this that the nonlin- 
ear irreducible characters of G' all have degree IG': NI 1/2 and that there 
are exactly IN] - 1 = p" - 1 such characters. Finally, since G acts transi- 
tively on Irr(N) '~, we see that the nonlinear irreducible characters of G' 
are all G-conjugate. 
Since G'/N is abelian, we can apply Theorem 7.1 or 7.2 to the DMD- 
group G/N, and we conclude that G'/N is a direct product of some 
collection ~-o f  minimal normal subgroups of G/N. Also the members of 
~- have distinct orders, and, by Lemma 7.3, we know that G (and hence 
also G/G') acts transitively on the nonidentity elements of each of them. 
If U/N~, ,  it follows that IU/NI- 1 <]a/G'] =p"-1 ,  and thus 
IU/N] < pn. If this inequality is strict, we shall refer to U/N as a small 
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member of 5 r, and we observe that since the members of 5 r have distinct 
orders, there can be at most one of them that is not small. Furthermore, 
since the cyclic group G/G' acts transitively on (U/N) #, it follows that 
Co(U/N) is a subgroup of G having index equal to IU /N I -  1. In 
particular, the centralizers in G of the members of 9-are distinct. Also, we 
see that IU /N I -  1 must divide IG/G'I = p"  - 1, and thus if we write 
IU/NI =p"  it follows that m must divide n. We observe also that if 
U/N ~ J is not small, then IU/NI = p", and since the group G/G' of 
order p"  - 1 acts transitively on (U/N) # the action of G/G' on U/N 
must be Frobenius. 
Next, we fix a prime divisor q of p"  - 1. We choose q so that the full 
q-part of p"  - 1 does not divide pm _ 1 for any positive integer m < n. In 
the "typical" case, where a Zsigmondy prime for (p,  n) exists, we take q to 
be such a prime. Otherwise, we are in one of the two exceptional situations 
of Theorem 8.2, where either p -- 2 and n = 6 or else p = 2 e - 1 and 
n = 2 for some integer e. It is trivial to check that in the first of these 
exceptional cases we can take q = 3, and in the second we can take q = 2. 
In all cases we let Q/G' be the unique subgroup of order q in the cyclic 
group G/G' of order pn _ 1. 
If U/N ~ 9- is small, we recall that IG : Co(U/N)I = IU/NI - 1 = 
pm _ 1 for some integer m with m < n. By our choice of q, it follows that 
IG:Co(U/N)[ is not divisible by the full q-part of IG/G'I, and thus 
Q c_ CG(U/N). In other words, Q centralizes every small member of ~.. 
On the other hand, if M/N ~ J is not small, then Q definitely does not 
centralize M/N. In the "typical" case, where q is a Zsigmondy prime for 
(p, n), we can say even more: Q acts irreducibly on M/N. To see why this 
is so, observe that a subgroup of M/N that admits the action of Q would 
have order pm -- 1 mod q, where m < n. By assumption, q is Zsigmondy 
for (p, n), however, and so the only possibility is m = n; thus Q acts 
irreducibly on M/N, as claimed. 
Suppose now that U/N and V/N are not necessarily distinct small 
members of ~,  so that they are each centralized by Q. Then [U, Q] ___ N, 
and thus [U, Q, V] = 1, since N --- Z(G') and V c_ G'. Similarly, [Q, V, U] 
___ [N, U] = 1, and thus, by the three subgroups lemma, we have [V, U, Q] 
= 1. Thus [V,U] c_ N n Co(Q)= CN(Q)= 1, where the last equality 
holds because the action of G/G' on N is Frobenius. Thus U and V 
centralize each other, and it follows that if we write A/N to denote the 
product of all of the small members of ~,, then A is abelian. We conclude 
that A < G', and thus G'/N = M/N × A/N,  where M/N ~ ,~- is not 
small, and so has order pL  
We prove next that A is a elementary abelian, and for this purpose we 
recall that Q centralizes A/N and that CN(Q) = 1, where G' __C_ Q and 
[Q/G'[ = q. Let S ~ Sylq(Q), and note that [A, S] __c_ N and CN(S) = 1. 
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Since A is abelian and ISI is relatively prime to IAI, Fitting's lemma 
applies, and we can write A = [A, S] x Ca(S). It follows that [A, S] = N 
and CA(S) ----A/N. Since both N and A/N are elementary abelian, we 
conclude that A is elementary abelian, as desired. 
We work now to show that IA/NI >pn,  and we suppose first that 
p ~ 2. Then 2 divides IG/G'I = pn _ 1, and we can choose an involution 
t ~ G - G'. But the action of G/G' on N and on M/N is Frobenius, and 
hence CM(t)----1. It follows that M is abelian, and thus if 0 is any 
irreducible character of G', we have 0(1) < IG' : MI = IA/NI. I f  we take 0 
to be nonlinear, we obtain IA/NI IM/NI = IG: G'I = 0(1)2< IA/NI 2, 
and so IA/NI > IM/N[ = pn, as desired. 
Continuing work toward proving that IA/NI > pn, we can now assume 
that p = 2, and we consider the number s of elements of the 2-group G' 
whose square is the identity. Since A is elementary abelian, all of its 
elements contribute to this quantity, and so, to determine s, we must count 
the involutions in G' - A. Since G'/A is G-isomorphic to M/N, it follows 
that the 2 n - 1 nontrivial cosets of A in G' are transitively permuted by 
G, and these cosets contain equal numbers of involutions. Each nontrivial 
coset of A is a union of nontrivial cosets of N, and any such coset of N 
either consists entirely of involutions or else it contains none at all. It 
follows that there is some integer r > 0 such that the number of involu- 
tions in each nontrivial coset of A in G' is rlNI. This yields s = IAI + 
r(2" - 1)INI. 
We can also compute the number s using the Frobenius-Schur theo- 
rem, which yields s = Zv(a)a(1), where the sum runs over a ~ Irr(G')  
and where v (a )  ~ { -1 ,  0, 1} is the Frobenius-Schur indicator of a. Since 
N = G", we see that G' has exactly IG'/NI = IA/NI IM/NI = IA/NI INI 
= IAI linear characters, and each of these has indicator 1 since G'/N is an 
elementary abelian 2-group. 
We have seen that G' has exactly pn - 1 nonlinear irreducible charac- 
ters, and each of these has degree JG'/NI 1/2 = IAI 1/2. Also, G permutes 
these characters transitively, and hence they all have the same indicator v. 
It follows that s = IAI + v(2 n - 1)1AI1/2; comparing this with our earlier 
formula s = IAI + r(2 n - 1)INI, we deduce that rlNI = viAl v2. Further- 
more, if 0 ~ Irr(G')  is nonlinear, we know that 0 vanishes on G' - N and 
its values on the elements of N are _+ 0(1). In particular, 0 is real valued, 
and hence v=~0. Since v= _1  and r>0,  we deduce that v= 1 and 
r > 0, and thus [A[ 1/2 _> INI. We now have IA[ > INI 2, and thus IA/NI > 
IN[ = p~, as desired. 
We have now established that [A/N[ >_ pn in all cases. Recall that 
]A/N] is the product of the (distinct) orders of the small members of ~,, 
and each of these has the form pm, where m is a proper divisor of n. I f  we 
write S ° to denote the set of exponents m that occur, we see that Z._~_> n, 
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and thus in particular n :~ 2. Also, if p -- 2, then since G/G' has no 
nontrivial fixed points on G'/N, none of the members of ~rcan have order 
2. Thus 1~S a, and so if p=2 we see that n4=6. It follows that a 
Zsigmondy prime for (p, n) exists, and hence our prime q was chosen to 
be such a Zsigmondy prime. In particular, we conclude that Q/G' acts 
irreducibly on M/N. Also, since ISQI >_ 2, we see that A/N is a product of 
at least two small members of 9-  of different sizes, and these necessarily 
have different centralizers in G/G'. It follows that there exist elements of 
G/G' that centralize some nonidentity elements of A/N but do not 
centralize all of A/N. 
We now are ready to apply Lemma 8.1. We take F to be the field of 
order p and we let Z = N, Y = A/N, and X = M/N, viewed as modules 
for the abelian group G/G' over F. Recall that G/G' acts transitively on 
the nonidentity elements of Z = N, and the subgroup Q/G' acts irre- 
ducibly on X = M/N and trivially on Y = A/N. If x -- ~ and y = ~ with 
m ~ M and a ~ A, we set B(x, y) = [m, a] ~ N, and we observe that this 
yields a well-defined bilinear map from X X Y to Z and this map respects 
the action of G. We must check that if y ~ Y and B(X, y) = 0, then 
y = 0. Writing y = K, we have [M, a] = 1, and thus a ~ Z(G')  since A is 
abelian. But Z(G')  = N, and thus y = ~ = 0, as required. 
We have now checked all the hypotheses of Lemma 8.1, and so we can 
apply that result to conclude that every element of G/G' that centralizes a
nonzero element of Y = A/N must centralize all of Y. We know that this 
is not the case, however, and we have our final contradiction. | 
9. ODD COMMUTATOR FACTORS 
We digress from our proof of Theorem C to prove Theorem D, which, as 
we shall see, is an easy consequence of Theorem 8.3. We assume that G is 
a DMD-group such that IG : G'[ is odd, and our goal is to show that G' is 
an elementary abelian 2-group. Of course, by Theorem 7.1, we can say 
even more: G' is the product of minimal normal subgroups of G having 
distinct 2-power orders. 
Proof of Theorem D. If G' is a 2-group, then it is a Sylow 2-subgroup, 
and hence by Theorem 8.3, it is abelian and by Theorem 7.1 it is 
elementary abelian. We can assume, therefore, that G' is not a 2-group, 
and we work by induction on IGI to obtain a contradiction. 
Let N be a minimal normal subgroup of G, and note that G/N satisfies 
the hypotheses of the theorem since (G/N)' = G'N/N has odd index in 
G/N. Thus G'N/N is an elementary abelian 2-group by the inductive 
hypothesis, and since we are assuming that G' is not a 2-group, it follows 
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that N = O2(G'); thus N is the unique minimal normal subgroup of G. 
Also, N is a p-group, where p is some prime different from 2. By the 
usual argument, Corollary 4.5 applies; thus the action of the elementary 
abelian 2-group G' /N  on N is Frobenius, and thus IG'/NI < 2. Since 
[G : G'I is odd, it follows that G/N = G ' /N  × G/G ' ,  and in particular 
G/N is abelian. 
We now have G' ~ N, and thus [GI is odd since both [G : G'[ and [NI are 
odd. Also, G has a normal Sylow p-subgroup since G' is a p-group, and 
thus by Corollary 4.5 we deduce that G acts transitively on N #. It follows 
that the even number INI - 1 divides Ial, and this is a contradiction. | 
10. TRANSITIVE FROBENIUS COMPLEMENTS 
In order to complete the proof of Theorem C, we need the following 
result, whose proof is the principal object of this section. 
10.1. THEOREM. Let H be a nonabelian DMD-group that acts on an 
elementary abelian p-group V of order pf, and assume that this action is 
Frobenius and that it is transitive on the elements of V #. Then f = 2. 
We need a lemma. 
10.2. LEMMA. Let V be a faithful simple FH-module, where H is a group, 
F is a finite field and dimF(V) = f. Suppose Q ~ H has prime order q, and 
assume that the q - 1 nonprincipal complex linear characters of Q are all 
conjugate in H. Then q - 1 divides f. Also, if q - 1 = f,  then [Z(H)[ divides 
I F I -  1. 
Proof Let E = End/4(V). Then E is a finite field containing F, and 
we write d to denote the degree of the field extension F _c E. Also, we can 
view V as an EH-module of dimension e = f /d ,  and as such it is 
absolutely irreducible. In particular, H has a faithful irreducible represen- 
tation of degree e over an algebraically closed field K of characteristic p. 
Since the q - 1 nonprincipal linear complex characters of Q are H-con- 
jugate, the same is true for the corresponding q - 1 nonprincipal linear 
K-characters of Q (since q ~ p). It follows by Clifford's theorem that 
q -  1 divides e, and thus q -  1 divides f = ed, as required. Also, if 
q -  1 =f ,  then d= 1. 
Observe that there is a natural homomorphism from Z(H)  into the 
multiplicative group of Endn(V)= E. Also, since V is faithful as an 
FH-module, we see that this map is injective, and thus IZ(H)I divides 
IE I -  1. If q - 1 =f ,  then d = 1 and E = F, and this proves the last 
assertion of the lemma, i 
474 BERKOVICH, ISAACS, AND KAZARIN 
Proof of Theorem 10.1. If f = 1, then V is cyclic and H is abelian, 
which is not the case. We can assume, therefore, that f _> 3, and we work 
to derive a contradiction. If p = 2, then IHI = pf -  1 is odd, and thus 
IH:H' I  is odd. By Theorem D, therefore, H '  is a 2-subgroup of the 
odd-order group H, and thus H '  = 1; this is a contradiction since H is 
nonabelian. 
It follows that p is odd, and since f > 2, Theorem 8.2 guarantees that 
there must exist a Zsigmondy prime q for the pair (p, f ) .  In particular, q 
is a prime divisor of p f  - 1 = IHI, and we can fix a subgroup Q _ H of 
order q. Since no nonidentity proper subgroup of V has order that is 
congruent to 1 modulo q, we see that the action of Q on V is irreducible; 
hence CH(Q) is cyclic. (This is because CH(Q) is isomorphic to a multi- 
plicative subgroup of the field End0(V).) In particular, Q ~ Z(H).  Also, 
since f is the order of p in the group of units modulo q, we deduce that f 
divides the order of the full group of units, which is q - 1. Thus 3 _< f _< 
q - 1, and we see that q _> 5. 
Next, we show that Q ,~ H. Since a Sylow q-subgroup of H is cyclic 
(because H is a Frobenius complement and q ¢ 2), it suffices to show that 
Oq(H) > 1, and so we can assume that q does not divide the order of the 
Fitting subgroup F(H). It follows that Q must act nontrivially on some 
Sylow s-subgroup S of F(H),  and we have s ~ q. Now S is either cyclic or 
generalized quaternion, and it admits an automorphism of prime order 
exceeding 3. It follows that S is cyclic, and thus, by Fitting's lemma, we see 
that Q acts nontrivially on the subgroup T of order q in S. Then QT is a 
noncyclic subgroup of order qs in the Frobenius complement H, and this 
is a contradiction. Thus Q ,~ H, as claimed. 
Since Q is noncentral, it follows that [Q, H]  = Q, and thus Q_  H'.  
Also, a Sylow q-subgroup of the DMD-group H is cyclic, and hence we can 
apply Lemma 7.3 to deduce that H acts transitively on Qo and Irr(Q) ~. It 
follows by Lemma 10.2 that q - 1 divides f, and since we already know 
that f divides q - 1, we deduce that f =q - 1; hence IZ(H)l divides 
p -  1, by Lemma 10.2. Also, it follows that q =f  + 1 is the unique 
Zsigmondy prime for (p, f ) .  
Let C = CH(Q). Then C is cyclic and IH:CI  divides lAut(Q)l = q - 1. 
Since H acts transitively on Q#, however, it follows that IH : CI = q - 1. 
Next, we show that if r is a prime divisor of IHI = p f -  1 and r does 
not divide p - 1, then r - 1 divides f. Let R ___ H be a subgroup of order 
r. Since H is a Frobenius complement, he subgroup QR must be cyclic, 
and thus R_  C. But C is cyclic, and thus R < H. Also, since IZ(H)I 
divides p - 1, which we are assuming is not a multiple of r, it follows that 
R is noncentral and thus R = [R, H]  c H'. Furthermore, since p is odd 
and r does not divide p -1 ,  we see that r :g2 ,  and thus a Sylow 
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r-subgroup of H is cyclic. We can thus apply Lemma 7.3 to conclude that 
H acts transitively on I r r (R)  #, and hence, by Lemma 10.2, we deduce that 
r - 1 divides f,  as claimed. 
Now write f = 2am, where m is odd, and define fb = 2bm for integers b
with 0 < b < a. If fb > 2, then since p ~ 2, Theorem 8.2 allows us to fix 
some Zsigmondy prime r b for the pair (p,  fb)" Observe that the chosen 
primes r b must be distinct because p has order fb modulo r b and we know 
that the integers fb are distinct. Also, because the full group of units of 
the integers modulo r b has order r b - 1, we see that fb must divide 
rb - -1 .  
We argue by downward induction on b that fb = rv - 1 for all choices 
of  b such that 0 < b < a nd fb > 2. Observe that r b divides pfb _ 1, and 
this, in turn, divides pf -  1 since fb divides f.  Furthermore, since r b is a 
Zsigmondy prime for (p,  fb) and fb > 1, we see that r b does not divide 
p - 1. Since r b divides ,o f - 1 and it does not divide p - 1, we know that 
r b - 1 must divide f.  
We now know that 2bin = fb divides r b - 1 and that r b - 1 divides 
f=  2am. It follows that r b -1  = 2urn =fu  for some integer u with 
b < u < a. I f  u > b, however, we have r b - 1 =fu  = ru - 1, where the 
second equality holds by the inductive hypothesis, which applies since 
fu > 2. This is a contradiction since u ~ b, and we deduce that u = b; thus 
r b - 1 = fb as desired. 
If m > 1, then f0 = rn > 2 since m is odd, and thus, by what we have 
just shown, we know that f0 + 1 = r0 is prime. But r 0 = f0 + 1 --- m + 1 is 
an even number exceeding 2, and this contradiction shows that m = 1 and 
f = 2L Also, if 2 < b _< a, then fb ---- 2b > 2, and thus 2 b + I = fo + 1 = r b 
is prime. But 2 3 + 1 = 9 is aaot prime, and thus b cannot be as large as 3. 
This forces a < 2, and thus f -- 2 a = 4. (Recall that we are assuming that 
f>  2.) 
We now know that q = f + 1 = 5 is the unique Zsigmondy prime for 
the pair (p,  4). But (p2 + 1, p2 _ 1) = 2, and thus every odd prime divisor 
of  p2 + 1 is a Zsigmondy prime for (p,  4). It follows that p2 + 1 = 2 k- 5 
for some integer k, and thus p2 = 2 k . 5 - 1. Since p is odd, however, we 
have 1 _p2  = 2k .5  _ 1 mod4,  and hence k = 1 and p2 = 9. It follows 
that IHI = pf  - 1 = 34 - 1 = 80, and since H/C is cyclic of order 4, we 
see that a Sylow 2-subgroup of H cannot be generalized quaternion and 
hence it must be cyclic. F rom this, we deduce that IZ(H)I >_ 4, and this is a 
contradiction since we know that IZ(H)I must divide p -  1 = 2. This 
completes the proof. | 
We mention that the situation of  Theorem 10.1 really can occur. For 
example, if p = 3, then H can the the quaternion group of order 8, and we 
shall see in Section 12 that there is also an example when p = 5. In fact, 
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there are no examples when p > 5; although we do n t need to know this, 
we present a proof here for completeness. 
10.3. THEOREM. In the situation of Theorem 10.1, we must have p = 3 
orp = 5. 
Proof. Since IHI---p2 _ 1 and H is nonabelian, we see that p ~ 2. 
Also, f = 2 and thus H has a faithful irreducible representation f degree 
2 over the field of order p. Since H is nonabelian, this representation must 
be absolutely irreducible, and it follows that IZ(H)I divides p - 1. Also, 
since p does not divide IHI, we deduce that there must also exist a faithful 
irreducible complex character of degree 2. (This is follows by Theorem 
15.13 of [2].) 
Now write M = O2,(H) and let N/M be a minimal normal subgroup of 
H/M. Then N = ME, where E is some elementary abelian 2-subgroup of 
H. But H is a Frobenius complement, and so it has a unique involution; it 
follows that N/M has order 2 and it is the unique minimal normal 
subgroup of H/M. If H/M is abelian, then it is a cyclic 2-group, and if it 
is not abelian, then since it is a DMD-group having a unique minimal 
normal subgroup of order 2, it follows by Corollary 4.5 that H/M is a 
2-group in this case too. Thus M is a normal 2-complement in H, and 
since H is a Frobenius complement we see that H/M is either cyclic or 
generalized quaternion. Furthermore, since every irreducible character of 
degree 2 of a generalized quaternion group is monolithic and H is a 
DMD-group, we see that if H/M is noncyclic then it must have order 8. 
Let a ~ I r r (H)  be faithful of degree 2. Then a M has linear con- 
stituents, and we see that the odd-order normal subgroup M of H must be 
abelian. Suppose first that M ___ Z(H),  so that IMI is an odd divisor of 
p -  1. Since IHI =p2_  1 and [MI divides (p -  1)/2, it follows that 
2(p + 1) divides IH/MI. In this case, however, H/M cannot be cyclic 
since H is nonabelian, and thus [H/MI = 8, and p = 3. 
We can now assume that M is noncentral abelian normal subgroup of 
H, and it follows that a is imprimitive. Thus o~ A is reducible for some 
subgroup A of index 2 in H, and we see that A must be abelian. In this 
case, all nonlinear irreducible characters of H have degree 2, and thus 
only one of them can be monolithic. Now fix a subgroup K <~ H, maximal 
with the property that H/K  is nonabelian. Then H'K/K is the unique 
minimal normal subgroup of H/K, and thus H/K  is a monolith and every 
nonlinear irreducible character of H/K  is faithful and hence is mono- 
lithic. Thus H/K  has a unique irreducible character of degree 2, and all of 
its remaining irreducible characters are linear. It follows that IH/Kb = 
4 + [(H/K):(H/K)'I, and from this we deduce that [H/KI < 8. 
We know that he trivial subgroup of H must be an intersection of 
kernels of monolithic haracters of H. Since K is the kernel of the unique 
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nonlinear monolithic character, it follows that K f~ H '= 1, and thus 
K G Z(H). The noncentral normal 2-complement M of H is therefore not 
contained in K, and hence IH/KI ~ 8. But H/K is nonabelian, and hence 
we have [H/K[ = 6. Also, [gl divides p - 1; thus p + 1 divides [H/K[, 
and this yields p = 5, as desired. | 
11. THEOREM C 
We are now ready to present he proof of Theorem C. Recall that we 
are assuming that G is a DMD-group and that P is a normal Sylow 
subgroup of G such that P G G'. Our goal is to show that P is elementary 
abelian and is a product of minimal normal subgroups of G having distinct 
orders. 
Proof of Theorem C. By Theorem 7.1, it is enough to show that the 
Sylow p-subgroup P is abelian. As usual, we work by induction on Ial, and 
we consider a minimal normal subgroup N of G. Then PN/N is a normal 
Sylow subgroup of G contained in G'N/N = (G/NY; thus, by the induc- 
tive hypothesis, PN/N is abelian and we have P' G N. We can assume 
that P' > 1, and thus N = P' is the unique minimal normal subgroup of 
G. Since N G Z(P), we know that G/P acts on N, and, by Corollary 4.5, 
this action is Frobenius and transitive on N #. If G/P is abelian, then 
G' = P; thus Theorem 8.3 applies and P is abelian. 
We can now assume that G/P is nonabelian and hence Theorem 10.1 
applies, and we have INI __p2 and IG/PI __p2  1. By the inductive 
hypothesis, P/N is a direct product of minimal normal subgroups of G/N 
having distinct orders, and, by Lemma 7.3, we know that G (and hence also 
G/P) acts transitively on the nonidentity elements of each of these 
factors. If U/N is one of the factors, therefore, we have IU/N]- 1 < 
[G/PI = p2 _ 1, and thus [U/N] < p2. Since P/N is nontrivial, we see 
that there are just three possibilities: P/N is a minimal normal subgroup 
of order p; it is a minimal normal subgroup of order p2; or it is the direct 
product wo minimal normal subgroups, one of order p and the other of 
order p2. But every nonprincipal linear character of N is fully ramified 
with respect to P/N, and hence [P/N[ is a square. It follows that 
IP/NI __p2= INI, and this contradicts Lemma 5.1 applied to P. This 
proof is now complete. | 
Theorem C combined with Theorems 10.1 and 10.3 allows us to obtain 
an essentially complete classification of those DMD-groups that happen to 
be Frobenius groups. 
478 BERKOVICH, ISAACS, AND KAZARIN 
11.1. COROLLARY. Suppose that a DMD-group is a Frobenius group with 
kernel N and complement H. Then one of the following holds: 
(i) N is an elementary abelian p-group and H is cyclic of order 
IN I -  1. 
(ii) N is elementary abelian of order 9 and H is the quaternion group 
Qs of order 8. 
(iii) N is elementary abelian of order 25 and H is a nonabelian group f 
order 24. 
Proof We know that N is a nilpotent Hall subgroup of G = NH and 
N _c G'. By Theorem C, it follows that N is a direct product of minimal 
subgroups of G of distinct orders, and in particular N is abelian. By 
Lemma 7.3, however, we know that G (and hence also H)  acts transitively 
on the nonidentity elements of each of these minimal normal subgroups of 
distinct orders, and thus they all must have order 1 + I HI. It follows that 
N is a minimal normal subgroup of G, and hence it is an elementary 
abelian p-group for some prime p. 
If H is abelian, it is cyclic and (i) holds. Otherwise, p = 3 or p = 5, and 
INt = p2 by Theorems 10.3 and 10.1. In particular, if p = 3, then H is a 
nonabelian Frobenius complement of order 8 and thus H ---- Q8, as re- 
quired. | 
We remark that all three cases can actually occur, and that, in each of 
the cases (ii) and (iii), the group G is uniquely determined up to isomor- 
phism. 
12. SOME EXAMPLES 
We begin with an easy lemma that allows us to confirm that certain 
groups are actually DMD-groups. 
12.1. LEMMA. Assume that P ,~ H has prirne order p and that Cn(P)  = 
P × Z(H).  I f  IH : Cn(P)I = p - 1, then H has a unique nonlinear mono- 
lithic character, and in particular H is a DMD-group. 
Proof. Write C = Cn(P)  and note that C/P  c_ Z(H/P). Since H/C 
---- Aut(P)  is cyclic, it follows that H/P  is abelian, and thus P = H'.  Now 
let X ~ I r r (H)  be nonlinear and monolithic, and write N = ker(X). Then 
H/N is a nonabelian monolith and P = H '~ N, and it follows that 
PN/N is the unique minimal normal subgroup of H/N.  Also, [H, P] = P 
N, and thus PN/N is not central in H/N and it follows that Z(H/N)  
= 1. We deduce that Z(H) _ N = ker(X). But H/Z(H)  is the Frobenius 
group of order p(p - 1), which has just one nonlinear irreducible charac- 
ter, and thus X is uniquely determined. I 
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By Theorem C, we know that if a normal Sylow p-subgroup P of a 
DMD-group G happens to be contained in the derived subgroup G', then 
P is abelian. The following theorem shows that if P g G', then P need not 
be abelian. 
12.2. THEOREM. For each prime p, there exists a DMD-group that has a 
nonabelian ormal Sylow p-subgroup. 
Proof. If p = 2, we can take G to be any extraspecial 2-group, and so 
we assume that p > 2 and we let P be the extraspecial p-group of order 
p3 and exponent p. Then P = (x, ylx p = 1, yP = 1, [x, y] is central). Let 
tr ~ Aut((x))  have order p - 1, and observe that o- can be extended to
an automorphism of P by defining yo- = y. Now tr ~ Aut(P) has order 
p - 1 and we define G = P(o- ) to be the semidirect product. Of course, P 
is a nonabelian ormal Sylow p-subgroup of G, and it thus suffices to show 
that G is a DMD-group. 
Let Z = Z(P)  and observe that Z is the unique minimal normal 
subgroup of G. Since (o-)  acts transitively on Irr(Z) ~', it follows that the 
p - 1 nonlinear irreducible characters of P are conjugate in G, and thus 
they all induce to G to yield the same character X ~ Irr(G) of degree 
p(p  - 1). Also, we see that X is the unique member of Irr(G) for which Z 
is not contained in the kernel. Since the nonlinear irreducible characters 
of G/Z all have degree p - 1, it suffices to show that at most one of these 
is monolithic. But G/Z satisfies the hypotheses of Lemma 12.1, and so the 
result follows. | 
We know by Theorem B that if G is a DMD-group, then G" is nilpotent, 
and so we would like to have examples that show that G' need not be 
nilpotent. In such an example, of course, G' will be nonabelian, and so G 
will have derived length at least 3. 
Examples of this type can be constructed as follows. Let V be an 
elementary abelian p-group, and suppose H ___ Aut(V) is a DMD-group 
such that the action of H on V is Frobenius and H is transitive on V '~. It 
is not hard to see in this case that the Frobenius group G = VH is a 
DMD-group and that G' = VH'. If H is nonabelian, then G' is a Frobe- 
nius group, and so G' is certainly not nilpotent. 
By Theorems 10.1 and 10.3, the only way we can hope to construct such 
an example is when tVI =p2 where p ~ {3,5}. If p = 3, we already know 
that an example xists, where H ~ Q8- The following result constructs an 
example when p = 5, and hence it proves that case (iii) of Corollary 11.1 
can actually occur. 
12.3. THEOREM. Let V be elementary abelian of order 25. Then there 
exists a nonabelian DMD-subgroup H ~ Aut(V) such that the action of H on 
V is Frobenius and H is transitive on V #. The group H is isomorphic to the 
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semidirect product of a cyclic group of order 3 acted on nontrivial~y by a cyclic 
group of order 8. 
Proof. Viewing V as the additive group of the field E of order 25, we 
work inside the subgroup S __c_ Aut(V) of order 48, where S is generated by 
the field automorphism or of order 2 and the e lement u of order 24 
obtained by multiplication by a generator of the multiplicative group E ×. 
Since u ~ = u 5, we compute that (utr) z = u 6 has order 4, and thus the 
element w = utr has order 8. Also, or does not centralize the element 
x = u 8 of order 3; thus x is inverted by tr, and hence also by w, and thus 
(w)  normalizes and acts nontrivially on (x) .  
Let H = (x ,w)  = (x ) (w) .  Then H c_ Aut(V) has order 24, and we 
claim that the action of H on V is Frobenius. The only elements of prime 
order in H are x, which has order 3, and w 4, which has order 2. But we 
know that w 2 = u 6, and thus both x and w 4 lie in the subgroup (u) ,  and 
so neither of these elements has nontrivial fixed points on V. It follows 
that the action of H on V is Frobenius, and since IHI = 24 = IVI - 1 we 
see that H is transitive on V #, as desired. Also, H is isomorphic to the 
semidirect product as described, and H is a DMD-group by Lemma 12.1. 
I 
Since the group H of order 24 in Theorem 12.3 is not nilpotent, we see 
that the corresponding DMD-group G = VH of order 24.25 has Fitting 
height 3, and this shows that the bound in Corollary 6.1 is best possible. 
Also, since IH'I = 3, we see that IG'[ = 3 • 5 2, and so G' is a nonnilpotent 
Hall subgroup of G in this case. 
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